S4 Series

T) Review

Let {z.} ke a Sequence csf complex humbers .

Define S 2z, (partial sum)

lf vl‘i_v.n“s.ﬂS , then we say that the iv\fm'rte Sevies  Z,+Zpt -+ Zpboo: converges t S
and we wvite gzk.s )

FACT :

Let pn= S-sa, then lim s.eS # ad oy £l guco.

Further lf Zos Antign , A= L2, We have
Theovem : gz“:S fawdonla je gig=)( and gﬂk=\r
wheve S =X4Y .

Com‘Fa\vs'ron Test

B fa}. fbd ave sequences of veal nuwwbers such that
O a.zbaizo fw all neN  (or n=N)

2) gah exists

“+hen gb“ exists  and ,§l=.\s§an

Theovem :
Let {z.} be a Se?uence of c.owrPlex numbers .
lf é' [zl Converges (called a'osdw(‘e[a Ccmvevrjewt Sevies ) , -then gl % Comverges
'Fvovf: lg (e A C.ovNerjeS
== E‘ J"i*g; Covwevjes
J'I:_-ba: 2 Iig' . "a‘J + CowaaS?oV\ “test
%E‘l-xgl and ‘5134 Converge
%‘:Z}In and é%k Converge (Resubt w veal case ?)

= ':L::‘z.= Converges .






I) —Ta(aor Series
Theorem :
SMPPose that a -fmeam -j is_analytic Hhroughost an open disk {zeC: |z-z|<R I
Then . at each point z in that cisk . we have
-ftz) =“§ Cn(z-22)  wheve aﬁ=-'£(—:%) .

Rewrite :
Vze{zeC: [z-zl<R }, €50 , I N@e) eN st |éak(z-z.)k - fm| < VYnzNGeo.
Approcimate ) by :2 Ba(z-2), then the error £ can be arkitrarsy small by choosing suffiiertiy
lav3e N (cleFmdinj on both z and £). (Foivr(‘.w\se Converqent. )

pref

vasu%, Prove the case z,=0.
Fix ze{zeC: [1zI<R}3.

Draw a ardle C, such that

[zl < Re<R

Claim : (),‘(z) = f(z) -hﬁ Cl.;&ll tends to © as n tends 4o oo.
Ba Ca.wcha lwbeaml Formula ,
Bot ek £ [ o Note « $%0 -1 [, f2 o

f(z) =i?li'-fc° Z-S

- Badt - ol folso-1Eat 1 s 4B oty 1
==s-z &3
k | " net n
lﬁﬂ_éa“z < GR) Lo g (R I R L slsselcck fel
=212 R~z
s = (&y
%L<l -:( )—)o as n- Reil R

‘f is ana.la'ﬁc on Co
éf 18 continuous on Co

= 3IMso st l-%ﬂsM Vsel

[in ae.\naroj, 2. #0 , then we let 8(z)=:f(z+z.) .
“Hhen aﬁala “the. Parvious vesult o 3(2) , the  vesuH -folloms.




Conclusion : f s analg(:ic 'ﬁmrbujhoutb an__open disk {zeC: |z-z|<R }.
= f has a Power sevies vervagy\-bar(:zon 'ﬂ/wbujl'\ourb +that  cpen disk. .

Neatural 7ues(:’ion= Uvﬁczuenesc 2

Theovem :

I:f theve exist constants an . n=0.1.2,-- such that :ﬁz)-i’-oqn(z-z.)“
For all ponts  ze{zeC :lz-zl<RY. then the Ppower series must be the Talyor Serdes,

1. Qas= ﬁvﬁi

('Fn:ve lacter 2 )

e.q. j’(z)=ez is_an_entire —fmc-(-jon
f(‘zﬁ > and f“’(o)=l for n=0,1,2,.--

.52 VzeC

N=i nt

[n ‘Fa.r‘(:'«co\(ar, Z=x+0i , e ﬁ% VxeR .

oo n
. . - 3_ 3_ 3_ - ) anw
Ex: Sinz = 2- R e Z',o ST 2 VY z2eC
= LS e
Cosz = |- +-f_—, %l-+ ZT'B s T 2 VzeC
l—l = 4242424 =Z'.z VY Izl<
-2z Nn=o

()z) 3 s 8 =3

eq Sin 2z = ).z-?+% =t 22-%2 ""Tlts'z S5t VzeC

e.a. Sinz = 2- -3-+-3---3-+ =

SRR
Cosz = I-——+-43j %.—-c-
'23mzCosz%/'2(z-—+-§; -z--r A= +-2,--§+ )

_'}.z+1(~—, ')z +1( 3|(2|+—)z+

Y 5__9_'4
=2z 3z+'sz 252+




T) Power Sertes

Siven a 'Fower series ga-\(z-z.)"
_Tlﬂ'lvﬂs to be studied :

0 'Reﬂion of conversjence 2

2)  Absolute / Unifom c:onverjew(-. 2

2) lf v%a.\(z-z.)“ =fcz> , What are -the 'Fvo?ev‘bies cja f 2 (covbinuous 2 av\a(xé(:ic 2)

l L\eOV'e.W\ N

|f a Pwer series gau(z-z.)" Covwexjes when z=2, (2#2.), then T s absdud:elua convev3we
at each pont ze {2eC: lz-zl<R} . where Ri=lz-zl.

ie. [im ilag(z-z.,)kl exists .

N k=

o

g%(zng)“ COvNe.rjes
> |an-25"| is bownded Ffor all nao.ia.-
ie. IM>0 st |an(z.-z.)"| sM™

|antz 20" | = |Gntzi-2" |

n
2Z-2 n Z-2
220 sM(“ Wb‘e"e()=|2.-z.<'

Ba Com,bo.rsion “test , nl_«m’ élak(Z-Z&kl exists .

:Direc(: conseiuewce. :

Note : AbSolud:el'a C.onversen‘t = Covn/ersev\'(: /,/ qw\\/evjes \\ dNEYﬂ@
\

!

[ \

[ 2o )

‘\ / ; Sdont know
N 7

~ P
~ P
S —-

For a owey Servies , we kave
"I>

R-= SIA’F{ r: é;an(z-z.)“ Converaes jeor all 2z with lz-zel<r}
s said to be “the yvodius cf Con\/evﬁenc.e cf the Power  sevies .
[2-20l=R s said +o be -the circle cf Conveﬁence. cf e 'Fower Sevies |

Futhermore , ‘rf gan(z-z.)" covwevaes -j?w all zeC , then we Saa R=+ ;

'tf éa-\(z-z.)" cov\ve\ﬁes onla when 222, , then we Saa R=0.




Theovem :

If z is @ Poirt inside the circle cj? Convergence [z-2o| =R of a_power series g—'&c\nc-zo)"
then T s Mnrfbmlta_ convergent in {zeC: 1z-2.1sR} . where Ri=lz-z.l.

P

Ba assm‘r'hon , fr.w' eve.n,a ze{zeC : |z-2o)<RY . "iz.'a.\(z-z.)" easts. Let f&) :mﬁoa.\(z-z.)“
Rewvite. :

Vze{zeC: |z-z|sR, ], €50 , 3 N €N s:t. |§ak(z-z.)k - :f(z)l <€ VYnz=Neg.

Ba assumFtiov\ , 32 st |z,-z. | <|2’-2 ] < R
Previous theorem = §|Qn(z.-2.)“| Converges (4o a veal number L)

et €50 , INweMN st |§.’:lak(z.-z.)"l-L|<£ Y n = NeE
= n

=] &
l:é-ulak(z‘-z") l
Let ze {z2eC: [z-zlsR, 3,

Fix n, |z-2ol sz~ 20l
|z-zol<lz 2" V kenl
lagz-2oslagz-2za] WV keN
2 laezfls 2 o]
Ela com];a\"siov\ “test. .

Eﬂl ak(z'zo'rl < Eﬂl ak(z,_ze'rl
Nso ’ L?ﬂ%(z-k{‘l < éﬂl ak(z_zo)kl
k . L] . m ]
Lgﬂak(Z-zo) | =w|\1:nalgﬁﬂak(z-z°{<| = '!Ll:\“}*‘l %(Z-R#l =k§u| ak(z-zo‘rl
[}
[ e 2 aat]

|-ftz) -2 al__<z-zd‘| SR ENCEX 1P glag(z.-z.)"l <€  Vu:Ne




Coro"ara :

f(z) =§‘a.\(z-z.)" IS a corbinuous fmc(-;on in {zeC: lz-z]<R} ,
where R s the vadius cf convergence .

-

Let 2, e{zeC: lz-2/<R} , €50 ,

Let $ue = éoak&-zo"

+ & adzad s mtfnmla comerges = IN@eN st. o1 -2 , [fuea-Feo| < & Vs Ne
"Pick K =N .

. fk(z) s a 'Folahomla( , which is continuous , 3 S50 st |§k(z)-fk(z.)|<—§- Y |z-2l<$

|$@> - feol = | fe -2 +82) ~Futza + ke - el
< |$e) - f| + [f-fel + [fa-Fed|

N A
< §+§+§ =<

_n\eo\"e,m :

et C be ava contour tedor o -the cirde ‘f c:mvevaey\ce. ojl ‘the Power Series
2’ ah(z-zo)k . and let 3&) be ay\a cotbiuors  on C . TThen

J’C 3(z)fz)clz - Z:-'sakjc S(zxz-z.,)“dz
P

Nete. . gi_'; ak(z-‘zo)k s w\rfuml«a covwerﬂewb on C,

-t
Let e>0, IN@weN sudh that |f(‘2)- EO%(Z-ZJkl <¢ ¥ nzNwe , zeC

n-1

| fc Fo> Sczvdz -2 GJC Sczxz-z.,)“dz |

=| J‘Cﬂ(z)(f(z)- :i;ak(z-z,)k)dzl (IM>0 s+t (3(z>l<lv\ YzeC)
S MLe Y nznN®




Corolla.ra :

f(z) -E.Da.\(z-z.)" IS _an am(gbic fw\cb'«ov\ n {zeC: [z-z.|<R}

where R is the vedius of convergence
pf

Take. 8(2) =\

{ fode - Eaf cetce -

= =2 s ama(aﬁc in {zeC: [z-2.]<R}.

“Theorem :

(f f(z) =2 anzz)" in {zeC: [z-2.[<R} . where R s the vadius cf Couergence
then f&z) =§ nanz-z) n  {zeC: lz-z.|<R}

P

Let 2 e {zeC: lz-2.)<R}.

Choose C such that Tt les I {zeC: [z-z|<R}

and 2z lies in -the Wrkevior sf C.

fc ﬁs)fs)ds - é:ioakj‘c Sts)(s-z,)“ds

ln'tegral -:forvnmla.
%fc@- ds -2 algy f%ds) :_rlcchs_z)u_ds he

Consider WS)=f(s) on LHS

h) = (-2 on RHS.

3! [
= $ - & 4
é( A GCk+D!
jiz—s\nz = CoS 2
2 S k= z . 2.
i’é(o T TR A v (R T ]



Theovrem - (va'ﬁuey\ess ?f sevies \reFV'eseKEp:(:\ovx)

(f f(z) =§°a“(z-z.)“ n  {zeC: [2-2./<R} , where R is the vadius cf covwe\'ﬁev‘ce..

‘then '?:'.oa,.(z,z.)“ is —the ’ralaor Sevies expansion -fw jf at z,, le. QGn= _J:e%ﬂ_ VYnzo

’Fvoof: Take j&h _1_‘"_.1 (z+2°).ﬂ., =for- nzo.
Jc qferce - 2; GJC Sese-za“dz

Sl Bt fa L] et

k=o

Theorem : (Mul'bir\ica:ﬁon)
(f f(v =§°aﬂcuz)“ n {zeC= lz-z.l<’l§;}

3&):59""‘(2"2') " {zeCelz-z.ldza'i

Nete » = [, ozt o = {

wheve "Rf and 'R3 are the vadii of covwerjemce ef -f and 9 resrec:(ivel«a
‘then f(z)j(z) = éc.\(z-z.)" n §zeC: lz-2.[<R } , wheve R =min f’kf,’ka'}

ayd Cy\=ké QKLW-k VV\ZO

Prf

Note -_’f and gq-are amlg&ec n {zeC: lz-2.|<R 3

(flun

o othendise

h(h)

l'\b.)afmjtz) has a sevies expansion zq(z-zo" in {zeC: z-2J<R 3} and o, - 22

) " -b
"\(Z)=|§;Cl=fd?&3(h(2)

1 x5 n-B
= i st @ 3-<@

O T
n! ke k! (n-R)!

Cn= é%b»\-k

n!



2
e.g. e - l+7.+%+ -3i,+ Y zeC

_', - 4+ > 2 oss ‘d <
1 l-2+2 Zz + "Z.l \

z" i kS 3
i_l _(l+z+_!+ “......)((_z...z_z .(...,)

— 2t o2
= lalP_ L2
= l+=2 =z

e.ﬁ. Rrove 1f :f is analg(:‘«c at =z, and :f(zo =j?("a) = -~=fw(2.) =0 , then “the 'j?\mcblon

3(2) = (z-2 )" when 2¢z is amla-bc at 2.

)
(m+)! wher—2~2

= je(z)-.:z;ﬂ)(z-zg)“ W an drev\ disk  centeved at z..

oo twnekt)
= Z h)_(z_zb)’d-w

=0  (L+m))!

[ Hwnet)
Z h)_ (2_2")1 ]f 2#2e

[F2 = fzo (ZtmaD)!

oo - wett)
L S ) ) L
= E (Lot )) (z-2.) IS _a Comvejew('. ‘Fower Sevies in -that OF'”\ dis

oo Ewett)
and 2% —fl—(y—(z-z.)’“ c‘.ovwe»aes +o 3(2)

=0 (Rem+))!

> 3(23 Tsay\ala-hiccttzo

Note : K ‘nwahes f :f s analgl:‘nc at z, and je(z.) =f(’29 = --.=je("°(z.) -0,

“then féz) = 2" 3&) for Some. ‘fw\ctton 3(2) which = aml-é(:‘nc. at z..



